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1. INTRODUCTION 
The first attempts to give a precise meaning to the concepts of fuzzy 
event and fuzzy measure was made by Zadeh [7]. To establish an 
axiomatic theory of fuzzy measures, several authors [335] introduced the 
concept of a fuzzy cr-field as a generalization of the Zadeh’s family of fuzzy 
events. 
In this paper, it is shown that the definition of this notion is inadequate 
and, based upon the author’s works on the representation of Lukasiewicz’ 
many-valued algebras, an alternative definition is proposed. In the same 
spirit, the notion of a fuzzy measure is introduced and its properties are 
established. 
A jiizz~~ subset A of a set X is defined by its membership function 
A: X -+ Z, where Z= [0, l] is a chain equipped with an order-reversing 
involution II. I”= I- {0}, I’ = I- { 1). 
The union and the intersection of two fuzzy subsets A and B of X are, 
respectively, defined by 
(A u B)(x) = ,4(x) v B(x), 
(A n B)(x) = A(x) A B(x). 
The family P(X) of fuzzy subsets of X is a complete and distributive lat- 
tice. 
The fuzzy complementation is the order-reversing involution N’ in P(X) 
defined by N’(A)(x) = n(A(x)). 
The weak cr-cut is the mapping fi: P(X) + P(X) defined by 
f,(A)= {xEX: A(x)>ol}, t/cl~I”. 
The strong cl-cut is the mapping g, : P(X) + P(X) defined by 
g,(A)= (xEX: A(x)>u}, V~EZ’. 
For any sublattice L of P(X), closed under N’ and f, (and hence under 
&A the 6-twle (L 1, (fJa,p9 kL, v I n, N’) is called, if 8 is the order type 
of Z, a &valued fuzzy algebra. 
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2. FLJZZY CT-FIELDS 
Given a measurable space (X, A), where A is a o-field over a carrier set 
X, Zadeh defined [7] a fuzzy event as a fuzzy subset A of X whose mem- 
bership function is Bore1 measurable, i.e., such that A -‘[(O, LX)] E A, 
Va E P. The family of fuzzy events will be called a fuzzy a-field (although 
Zadeh did not use this terminology). 
To establish an axiomatic theory of fuzzy o-fields that does not rely upon 
the a priori existence of a o-field, several authors have proposed the follow- 
ing definition [3-51: a fuzzy a-field over a set X is a family A of fuzzy sub- 
sets of X which is closed under countable union and fuzzy complemen- 
tation and such that XEA. 
According to this definition, a fuzzy a-field is a “a-field” of fuzzy subsets. 
However, a a-field over a set X is nothing but a a-algebra of subsets of X 
and a a-algebra is (an abbreviation for) a o-complete Boolean algebra. This 
definition of a fuzzy a-field then appears rather inadequate, in that it does 
not take into account the many-valued character of the concept of fuzzy 
set. 
In the light of the author’s works on the representation of many-valued 
tukasiewicz algebras [ 1, 21, an alternative definition may be formulated. 
DEFINITION 2.1. A &valued tukasiewicz algebra is a 6-tuple 
CL L (~,L,P, (Il/AEIl, n, NJ, where 
6) (L v , * , p1 < ) is a distributive lattice with a smallest element 
0 and a greatest element 1. The Boolean sublattice of complemented 
elements of L is denoted by CL. 
(ii) I= [0, l] is a chain the order type of which is 8. P=Z- {0}, 
P=z- {l}. 
(iii) n is an order-reversing involution in I. 
(iv) N is an order-reversing involution in L. 
(v) (tia} is a family of morphisms of L such that, for all a, j? E P? 
(a) #,(O)=O, 4,(l)= 1, 
(b) 4a(x) E CL 
Cc) 4B”4a=4a, 
(d) a<P*4pd4,, 
(e) (#,(x)=~~(Y), V~EP)=(X=Y). 
(vi) {$=} is a family f o morphisms of L such that, for all CL, fl E I’, 
(a) II/,Gd,, 
(b) q5,~~N-N-$,,. 
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DEFINITION 2.2. Two O-valued tukasiewicz algebras (L, Z, ($,), (II/,), n, N) 
and (L’, 4 (4&h ($&I, n, W are said to be homomorphic if there exists a 
morphism f: L + L’ such that 
(i) foqim=q5j,of for all IXEP, 
(ii) foN=N’oJ: 
We note that (i) and (ii) imply f 0 I,+, = I& of; for all c1 E I’. 
The connections between many-valued Lukasiewicz algebras and fuzzy 
algebras are revealed by the following two theorems. 
THEOREM 2.1. A O-valued fuzzy algebra is a O-valued tukasiewicz 
algebra. 
THEOREM 2.2. A O-valued tukasiewicz algebra L is monomorphic to the 
O-valued fuzzy algebra P(M) where M is the set of ultrafilters of CL, i.e., 
there exists a mapping f: L --) P( M ) such that 
(i) f is a lattice-monomorphism, 
(ii) fod,=f,of, Vcr~ P, 
(iii) f 0 N = N’ of: 
Proof See [ 11. 
This representation theorem, which generalizes the Stone’s represen- 
tation theorem of Boolean algebras (the restriction off to CL reduces to 
the Stone monomorphism of Boolean algebras), suggests to define a fuzzy 
o-field over a set X as a o-complete O-valued tukasiewicz algebra A the 
elements of which are fuzzy subsets of X, i.e., as a a-complete O-valued 
fuzzy algebra. 
DEFINITION 2.3. A fuzzy o-field on X is a family A of fuzzy subsets of X 
such that 
(i) AEA*N’(A)EA, 
(ii) A,EA=z-U~A~EA, 
(iii) AEA=f,(A)EA, VaEP, 
This definition clearly implies that 0 EA and XE A and that if A E A, 
then g, (A) E A, Va E I'. 
In addition to the mathematical argument developed above in favor of 
this definition, it is reasonable to assume that if A is a fuzzy event, then so 
are its a-cuts. 
It is worth noting that the Zadeh’s family of fuzzy events is a special case 
of a fuzzy cr-field in the sense of Definition 2.3. 
409/124/l-19 
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A result illuminating our approach is the following. Let L be a &valued 
tukasiewicz algebra and let M be the set of ultralilters of CL. Let f be 
the embedding monomorphism L + P(M) defined in Theorem 2.2. If L 
is a-complete, then f(L) is a-complete. Hence a a-complete o-valued 
tukasiewicz algebra is representable by a a-complete &valued fuzzy 
algebra, i.e., by a fuzzy a-field. 
DEFINITION 2.4. A couple (X, A), where A is a fuzzy a-field on the set X 
is called a fuzzy measurable space. 
3. FUZZY MEASURES 
Based upon the approach developed in the previous section, we can 
elaborate a measure theory within the framework of fuzzy set theory. 
DEFINITION 3.1. Let (X, A) be a fuzzy measurable space. A fuzzy 
measure is a nonnegative, nondecreasing, extended real-valued mapping 
which is o-additive, i.e., a mapping p: A + R + u (CC } such that 
6) A=B-P(A)GPW, 
(ii) P CU;P=, Ak] =x2=, p(Ak), for every countable family {Ak} of 
mutually disjoint elements of A. The triplet (X, A, p) is called a fuzzy 
measure space. 
Immediate properties of a fuzzy measure can be derived from this 
definition. 
THEOREM 3.1. Let (X, A, p) be a fuzzy measure space. Then 
6) A0)=0. 
(ii) AUP= 1 A/cl Q C,“=, ,@A). 
Proof: (i) We have ,u(A) = p(A u 0) = p(A) + ~(0). If we assume (and 
we will assume in the following) that there exists AE A such that 
p(A) < co, then ,u(@) = 0. 
(ii) Define the fuzzy sets 
A= fi Aj, B,= z A, 
,=I j=l 
i#k 
ifA,(x)>B,(x)andA,(~)#A~(x),j<k 
otherwise. 
FUZZY (J-FIELDS AND MEASURES 285 
The C,‘s are then mutually disjoint and 
Thus 
THEOREM 3.2. Let (X, A, p) be a fuzzy measure space and let 
J= {AeA:p(A)=O}. Then Jis a a-ideal of A. 
Proof Let A E J, BE A and B c A. Since p is nondecreasing, 
p(B) < ,a(A) = 0. Hence BE J. Next, let { Ak} be a sequence of elements of 
A. Then 
Thus UkAk E J. 1 
THEOREM 3.3. A fuzzy measure is a valuation, i.e., p(A u B) + 
AA n B) = AA I+ P(B). 
Proof: Consider the fuzzy sets 
if A(x) > B(x) 
if A(x) < B(x), 
if B(x) > A(x) 
if B(x) <A(x), 
and the fuzzy sets A2 and B, defined by Al u A, = A and B, u B, = B. Then 
A,uB,=AuB, A,nB,=a 
A,uB,=AnB, A,nB,=@. 
Thus 
~(AuB)+~L(AnB)=~(A,)+C1(A,)+~L(BI)+~(B2) 
=,W)+AB). I 
Now we can establish a fuzzy version of the well-known theorems of 
monotone continuity. We note that with the “classical” definition of a fuzzy 
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a-field, these results can not be proved and must be incorporated in the 
definition of a fuzzy measure. 
THEOREM 3.4. Let (X, A, p) be a fuzzy measure space and let {Ak} be an 
increasing sequence of elements of A. Then 
P c Ak = ,‘$ym AAk). [ 1 k=l 
Proof: Let A = up= 1 A,. Defining 
ifxEgO(A) 
otherwise, 
ifXEgo(Ak)-Ufrl g,(Ai) 
otherwise, 
ck= fi B,, 
i=l 
yields 
kil Ak=k;,Bk=kvl Ck=A. 
The B,‘s being mutually disjoint, 
=!‘m, ,i MU r=l 
=!‘rnap 6 Bi -[ 1 i= 1 
On the other hand, since A I A,, we have 
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Suppose the equality does not hold. Then there exists an integer K such 
that, Vk > K, p(Ak) = y(A,+ 1). Defining for k > K, 
ifxE CgoM)-d4J1 
otherwise, 
yields p(D, u Ak) = p(DJ + p(Ak) d p(A) = p(A,). Hence, trk > K, 
p(D,)=O. Since in addition Cku Dk= A, and C,n Dk=O, then 
/4C,) = 14Ak). Thus 
which is a contradiction. I 
THEOREM 3.5. Let (X, A, p) be a fuzzy measure space and let { Ak} be a 
decreasing sequence of elements of A. Then 
Proof: Define 
A= ; A,, 
k=l 
Ak (xl 
B/c(X)= () 
1 
iWgd4 
otherwise, 
ifxEg,,(A) 
otherwise. 
Proceeding as above shows that 
p fiCP 
[ 1 k=l = ;iJmm Ic(Ck). 
On the other hand, since Bk u Ck = Ak and Bk n Ck = 0, we have 
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Suppose the equality does not hold. Then there exists K such that, Vk > K, 
p(Ak) = p(Ak+ 1). Hence, Vk > K, p(Bk) = 0 and 
lim p(Ak) = !rn, p( C,). 
k-n; 
This leads to a contradiction. 1 
Theorems 3.4 and 3.5 prove that a fuzzy measure is continuous from 
above (3.4) and from below (3.5). The following results go in the converse 
direction. 
THEOREM 3.6. Let (X, A) be a fuzzy measurable space and let p be a 
mapping: A + R + . Zf p is additive, non-decreasing and continuous from 
above, then p is a fuzzy measure. 
Proof It suffices to prove the o-additivity. Let {Ak) be a sequence of 
mutually disjoint elements of A and let 
Bk= i, A,. 
i= I 
Then { Bk} is an increasing sequence and consequently 
Applying the additivity of p completes the proof. 1 
A similar analysis leads to the following result. 
THEOREM 3.7. Let (X, A) be a fuzzy measurable space and let p be a 
mapping: A -+ R! + . Zf p is additive, nondecreasing and continuous from 
below, then p is a fuzzy measure. 
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